SIMPLE MALCEV ALGEBRAS OVER FIELDS
OF CHARACTERISTIC ZERO ARTHUR A. SAGLE l Introduction* Malcev algebras are a natural generalization of Lie algebras suggested by introducing the commutator of two elements as a new multiplicative operation in an alternative algebra [3] . The defining identities obtained in this way for a Malcev algebra A are for all x,y, z e A. Since Albert [1] has shown that every simple alternative ring which contains an idempotent not its unity quantity is either associative or the split Cayley-Dickson algebra C, it is natural to see if a simple Malcev algebra can be obtained from C. In [3] a seven dimensional simple non-Lie Malcev algebra A* is obtained from C and is discussed in detail. In this paper we shall prove the following THEOREM. Let A be a finite dimensional simple non-Lie Malcev algebra over an algebraically closed field of characteristic zero.
Furthermore assume A contains an element u such that the right multiplication by u, R u , is not a nilpotent linear transformation.
Then A is isomorphic to A*.
The necessary identities and notation from [3] for any algebra A are repeated here for convenience: (x, y) - [x, y\-xy -yx (x, y, z For a Malcev algebra A of characteristic not 2 or 3, we shall use the following identities and theorems from [3] : (1.6) J{x, y, xz) = J (x, y, z) (1.9) J(wx, y, z) = wJ (x, y, z) + J(w, y, z)x -2J(yz, w, x) (1.10) xy zw = $(te^ 2) + w(ys #) + y(sa? w) + 2(#w y)
for all w, x, y, z e A. If N = {x e A: J(x, A, A) = 0}, then it is shown in [3] that N is an ideal of A which is a Lie subalgebra and furthermore for α, b e A (1.11) J(a, 6, A) = 0 implies ab e N.
It is also shown in [3] that J(A, ^4, ^L) is an ideal of A. Thus if A is a simple non-Lie Malcev algebra we have (1.12 
) N = 0 and A = J(A, A, A) .
We shall assume throughout this paper that A is a finite dimensional simple non-Lie Malcev algebra over an algebraically closed field F of characteristic not 2 or 3 containing an element u such that R u is not a nilpotent linear tansformation. In § 2 the basic multiplicative identities are derived using methods analogous to those of Lie algebras. In § 4 we show that R(A 0 ), the set of right multiplications R XQ by elements x 0 e A 09 is a set of commuting linear transformations on the subspaces A o , A ω and A-Λ . Analogous to Lie algebras we decompose A = A 0 Q) A ω Q)A-Λ into weight spaces relative to R(A 0 ) [2; page 133] and thus find a basis of A which simultaneously triangulates the matrices of R(A 0 ). We now introduce the trace form, (x, y) -trace R x R y , in § 5 and assume for the remainder of the paper that the algebraically closed field is of characteristic zero. With this and the results of § 4 we easily show that (x, y) is a nondegenerate invariant form on A = ΛΘ4ΘA-« and A, = uF.
In § 6 we show that R u has a diagonal matrix of the form 
and therefore
Continuing by induction we obtain
for every integer n. Since x β e A β there exists an integer N such that 0 = J{u,
and this shows J(u, x Λ , x β ) e A_β. Now interchanging the roles of x β and x a in (2.1) we also obtain J(u, x m x β ) e A-a and thus
From (2.2) we have the following relations
We shall now prove 
This yields J(x 0 , x β , xjfiίl -R u )) = J(x 0 , x β , x Λ )(aI + R u ) and as in the proof of (2.4) we obtain
Next let x 09 y 0 e A o and x Λ e A Λ where a Φ 0, then using (1.9), (2.4) and (2.6) we have We shall now show Al c A o . From our basic decomposition A = ΛΘΛΘ ΘΛ relative to R u we can find a basis {x x {τ) y , ^w(τ)} (t^ = m τ ) of A Γ such that
where τ, α^ e F and i = 1, , m. In particular let {^ (0) 
that is, Al c A_* .
Also note that we now have (2.15) 3, More identities• Let A = A o 0 A α 0 0 A y be the decomposition of A into a weight space direct sum relative to R u and suppose that for weights α, /S, 7 of 22 W , β Φ j and β + j Φ a. Then for a? e A Λ , y e A β and ^ e A γ we have by (1.9) and (2.4)
and hence
By the symmetry of the a, β and 7 we may also conclude For the "exceptional" cases we have
To prove (3.9) let x,y e A a ,ze A 2α> , then by (1.9), (2.5) and (2.4)
and as usual we have
However by (1.7) J(x, y, uz) + J(u, y, xz) = J (x, y, z)u + J(u, y, z) x and using (2.4) we obtain J (x, y, uz) -J(x, y, z) u. This yields J (x, y, z(2al -R u Since iϋ ω is not nilpotent, there exists a weight a Φ 0. We shall now show that -α is also a weight of iϋ w . For suppose -a is not a weight, then by the usual convention A_ Λ = 0 and noting that none of the previously derived identities use the fact that A_ Λ Φ 0 we have for β Φ 0 or a, that A«A β = 0 by (3.12) 3 Xo ^o)^i = -λΈi#3-R* 0 + ^1^3-B^π + λ^asx + f where ί e ikf_ λ (-α). Therefore using (1.2) we obtain 0 = x&^R^ + Xl)(R XQ -2X1) + w where w e M-λ (-a) and actually w = SXαg^a?!. Therefore 0 = a? 1 a; 3 (Jί a . n + λJ) 2 (i? Xo -2λ7) and as before x&^R^ + λ/) 2 = 0 so that x x x z e M_ λ (-α). Continuing this process we obtain x λ x k e ML λ (-α) for fc = 1, 2, •••, m. Next consider the product 
We shall frequently refer to a Malcev algebra A that satisfies Theorem 5.1 as a "usual simple non-Lie Malcev algebra" and for the remainder of this paper we shall assume the algebraically closed field F is of characteristic zero. We shall show in this section that R u can be diagonalized. Put R u into its Jordan canonical form on A af that is, find i? w -invariant subspaces Uiia) of A a such that A a = U^a) φ 0 U ma (a) and each U^a) has a basis {x il9 , x im .} so that the action of R u is given by 
Thus on B we have XR U = [β^, i2 y J and therefore the trace of R u on JB is zero. But calculating the trace of R u from its matrix on B, we obtain that the trace is 0 + a -am. Thus m = 1. The choice of a Φ 0 is fixed but arbitrary. In particular we want to consider the case a = -2, then all we must do is consider u f = ( -2/a)u and decompose A relative to R u , (which is also not nilpotent) to obtain A = A o 0 A_ 2 0 A a . However we shall work with a fixed a and normalize when necessary.
Let α, 6 e F be any characteristic roots (weights) of i? w , that is, α, 6 = 0, ±α with characteristic vectors α?, ^/ e A; that is, αx = xR w by -yR u or x e A a , y e A b , then we have Using (2.4) and (7.1) we also have (7.2) xy u = (α + 6)^ where y e A a ,y e A b and a Φb .
Since ## e A_ α if α?, 2/ e A β , we have We now use (7.9) to prove the important identity (7.10). Thus let w, x, y, z be elements of A a and set v = J(x, y, z), 2x f -yz, -2y r = xz and 2s' = a?j/. Then (7.10) vw = 6(α?'^ a? + 2/' w y + z r w 3) .
To prove this note that x', y\ z f e A_ a and using (7.9) we have 2x f x w = xw #' -2^ίc' #, 2y'i/ w -yw y r -2wy We summarize these identities in PROPOSITION 7.11. Let i = i fl φ40 A-Λ be the usual simple nonLie Malcev algebra, then we have for a -±a, {u, x, y, z, x' , y\ z'} is a linearly independent set of vectors over F. Using identities (1.2), (7.6) and (7.7) we obtain the following multiplication table for B. 
